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Abstract— The Wigner function’s behavior of accelerated
and non-accelerated Greenberger–Horne–Zeilinger (GHZ) state
is discussed. For the non-accelerated GHZ state, the mini-
mum/maximum peaks of the Wigner function depends on the
distribution’s angles, where they are displayed regularly at
fixed values of the distribution’s angles. We show that, for
the accelerated GHZ state, the minimum bounds increases as
the acceleration increases. The increasing rate depends on the
number of accelerated qubits. Due to the positivity/ negativity
behavior of the Wigner function, one can use it as an indicators
of the presences of the classical/quantum correlations, respec-
tively. The maximum bounds of the quantum and the classical
correlations depend on the purity of the initial GHZ state. The
classical correlation that depicted by the behavior of Wigner
function independent of the acceleration, but depends on the
degree of its purity.
I. INTRODUCTION.
Wigner’s distribution function represents one of the closest
analogy of quantum mechanics in classical mechanics, where
it may be used to describe quantum mechanical systems by
using a single mathematical objects [1]. Wigner function has
many applications, in statistical mechanics, quantum chem-
istry, and quantum optics [2]. Moreover, the finite dimension
Wigner function is correlated with quantum information
processing via the quantum state tomography, algorithm,
teleportation, and estimation of the efficient of quantum
circuit[3], [4], [5], [6], [7]. The positive values of the Wigner
function indicate the classicality of the systems, while the
negative values means that the system has quantum corre-
lations [8]. There are many studies discussed the behavior
of the Wigner function for different quantum systems[9].
For qubit systems, there are some limited studies of Wigner
function, for example, the time evolution of superconducting
flux qubits coupled to a system of electrons is analyzed
by the Wigner distribution[10]. For both continuous and
spin variables the association between the Wigner and the
tomographic probability distribution are discussed in [11].
Recently, the tripartite Greenberger– Horne– Zeilinger
(GHZ) and W states are reconstructed experimentally by
Wigner distribution [12]. In the context of quantum infor-
mation, the GHZ state has discussed in many detections. As
an example, the quantum Fisher information with respect
to SU(2) under some decoherence channels is obtained
analytically [13]. The entanglement of the GHZ-symmetric
states is discussed in [14]. An efficient scheme to generate
the multi-partite GHZ state by using via different techniques
is investigated in [15], [16].
Nowadays, the Unruh Hawking effect[17] has discussed
for different quantum systems. For example, M.R. Hwang
studied the entanglement of a tripartites system [18]. The
entanglement of tripartite fermionic system are discussed in
non-inertial framework[19]. N. Metwally, discussed the non-
inertial processing of a qubit and a qubit-qutrit systems[20].
Therefore, we are motivated to discuss the behavior of the
Wigner function for the accelerated and non accelerated
GHZ state, where we assume that the initial system is
initially prepared in a non-pure GHZ state. We investigate
the effect of the mixing, acceleration parameters as well as
the distributions angles.
This paper is organized as following: in Sec.2, we review
the derivation of the Wigner function for the tripartite state.
The behavior of Wigner function for the non-accelerated
GHZ state is investigated in Sec.2.1. For the accelerated GHZ
state, the Wigner function is discussed in Sec. 2.2. Finally,
we summarize our results in Sec.3
II. WIGNER FUNCTION OF A TRIPARTITE SYSTEM.
In SU(2) algebra, the atomic coherent state family of Q-
PD is described by s parameter function. In the angular
momentum basis it takes the form[21], [22]:
Q
(s)
ρˆ (θ, φ) = Tr[ρˆaRˆ
(s)
a (θ, φ)], (1)
where the parameter s take the values -1, 0 and 1, for
the Q-function, the Wigner function, and the P-function,
respectively. The Q-PD for the isolated tripartite system is
defined as:
W
(s)
ρˆ (θ, φ) = Tr[ρˆa,b,cRˆ
(s)
a (θ, φ)Rˆ
(s)
b (θ, φ)Rˆ
(s)
c (θ, φ)],
(2)
where the operator Rˆ(s)i (θ, φ) is defined as:
Rˆ
(s)
i (θ, φ) =
√
4pi
2J + 1
2J∑
Li=0
L∑
K=−L
(CJ,JJ,J;L,0)
−sTˆ (i)
†
L,KY
i
L,K(θ, φ),
(3)
where J = N/2, 0 ≤ L ≤ 2J and Y iL,K(θ, φ) are the
spherical harmonics, while the coefficient CJ,JJ,J;L,0 is the
usual Clebsch-Gordan for the angular momentum of size J .
The kernel operator Tˆ (i)
†
L,K is the irreducible tensor operator
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(ITO) which is defined in the standard angular momentum
basis |k, J〉, k = −J, ..., J as follows:
Tˆ
(i)†
L,M = (−1)M
√
2L+ 1
2J + 1
Ji∑
k,k′=−Ji
CJi,k
′
Ji,k;L,−M |Ji, k′〉〈Ji, k|,
(4)
where −L ≤M ≤ L. By setting J = 1/2 we can calculate
the s-parameterized of the Q-PD for as a follow:
W
(s)
ρˆ (θ, φ) = (2pi)
3
2 Tr
[ ∏
i=a,b,c
ρˆi
(
Tˆ i
†
0,0Y
i
0,0(θ, φ)
+(
√
3)(s)
1∑
n=−1
Tˆ i
†
0,nY
i
0,n(θ, φ)
)]
, (5)
where,
Tˆ
(i)†
0,0 =
1√
2
(|0〉i〈0|+ |1〉i〈1|),
Tˆ
(i)†
1,0 =
−1√
2
(|0〉i〈0| − |1〉i〈1|),
Tˆ
(i)†
1,−1 = |1〉i〈0| Tˆ (i)
†
1,1 = −|0〉i〈1| (6)
and
|1〉 = |1
2
,
1
2
〉 = |−1
2
,
−1
2
〉, |0〉 = |−1
2
,
1
2
〉 = |1
2
,
−1
2
〉.
A. The non-accelerated GHZ state
It is assumed that, the system is initially prepared in a
non-pure GHZ state. In the computational basis, the GHZ
state is given by, [23]:
ρˆGHZ = ν|GHZ〉〈GHZ|+ 1− ν
8
I8 (7)
where ν is the mixing parameter and 0 ≤ ν ≤ 1, and
|GHZ〉 = 1√
2
(|000〉 + |111〉). This state is known to be
Bell nonlocal for ν > 0.5, while it is separable if and only
if ν ≤ 0.2.
The Wigner function of the non accelerated GHZ state
is obtained after a few simple calculations from Eq.(5) and
(7). For simplicity we assume that the spherical harmonics of
the three qubits are independent and equals, i.e. Y a(θ, φ) =
Y b(θ, φ) = Y c(θ, φ) = Y (θ, φ). Thus the Wigner function
of the non-pure GHZ state is given by,
W
(0)
ρˆGHZ
(θ, φ) =
1
8
[
3
√
3ν sin3(θ) cos(3φ)
+9ν cos2(θ) + 1
]
(8)
Fig.(1), displays the behavior of Winger function for the
non-pure GHZ state, where different values of the mixing
parameter ν are considered. It is clear taht, theminimum
values ofW (θ , φ) depend on the purity degree of the GHZ
state. As it is shown in Fig.(1a), the minimum bounds of
the Wigner function are smaller than those displayed in
Fig(b), where we set ν = 0.3. The negative regions are
centered around θ = pi/2 and different intervals of φ. The
positivity of W (θ , φ), indicates that the it contains classical
correlation even its a completely pure state. As it is displayed
in Figs.(1c), by increasing the parameter ν, the minimum
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Fig. 1. The Wigner function W (φ, θ) of the non-pure GHZ state, at (a)
ν = 1, (b) ν = 0.3, and (c) represents the Wigner function W (ν, θ) at
φ = pi
bounds W (θ, φ) decrease which means that the quantum
correlations increase. Theses minimum bounds are displayed
at for any value of ν > 0.2 and θ ∈' [pi/4, 5pi/4]
B. The accelerated GHZ state
In this section, three cases are considered, either one,
two or three qubits are accelerated. In the computational
basis
∣∣0i〉 and ∣∣1i〉 are transformed from the Minkowski
coordinates into Rindler coordinates as a form[17]:
|0i〉 = cos r|0i〉I |0i〉II + sin r|1i〉I |1i〉II ,
|1i〉 = |1i〉I |0i〉II (9)
where r is the acceleration setting parameter, 0 ≤ r ≤ pi/4
and i represents the qubit modes.
Now we discuss the acceleration process in the three cases
mentioned above.
1) accelerated one qubit
We assume that only the first qubit a is accelerated.
In this case, thee GHZ state in equation(7) takes the
following form:
ρˆ
(acca)
GHZ = A11|000〉〈000|+A22|001〉〈001|
+ A33|010〉〈010|+A44|011〉〈011|
+ A55|100〉〈100|+A66|101〉〈101|
+ A77|110〉〈110|+A88|111〉〈111|
+ A18|000〉〈111|+A81|111〉〈000|,
(10)
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Fig. 2. The Wigner function Wacca (φ, θ), r = 0.6, φ = pi,(a) ν = 1,(b)
ν = 0.3 and plot W (r, θ) and (c) Wacca (φ = pi, θ = pi/2) in the plan
(ν, r).
where
A11 = 1 + 3ν
8
cos2 r,
A22 = 1 + 3ν
8
sin2 r +
1− ν
8
,
A33 = A55 = A77 = 1− ν
8
cos2 r,
A44 = A66 = 1− ν
8
(sin2 r + 1),
A88 = 1 + 3ν
8
+
1− ν
8
sin2 r,
A18 = A81 = ν
2
cos r. (11)
Inserting Eq(10) into Eq.(5), we obtain the Wigner
function for accelerated qubit a as:
W (acca) =
1
16
[
(
√
3
(
6ν sin3 θ cos r cos 3φ
+cos θ sin2 r(3ν cos 2θ + 3ν + 2)
)
+6ν(cos2 θ cos 2r + cos 2θ + 1) + 2
]
(12)
In Fig.(2), we investigate the effect of the acceleration
on the behavior of the Wigner function, where it is
assumed that only the first qubit a is accelerated, with
r = 0.6. It is clear that, the minimum bounds of
the Wigner function are smaller than that displayed
in Fig.(1a), for the non-accelerated GHZ state. Mean-
while, the upper bounds are larger than those displayed
in Figs.(1a,1b). However, the quantum correlation is
predicted at the same intervals of θ and φ as that
displaced for the non-accelerated case. Fig.(2c) shows
the behavior of W (θ, φ) in the plane (r − ν) at
fixed values of θ = pi/2, φ = pi. It is clear that
W (θ, φ) decreases gradually as ν increases, namely the
-0.250
0.25
0.50
0.75
1.00
1.25
0
0.2
0.4
0.6
0.8
-0.5-0.4
-0.3-0.2
-0.10
0.1
Fig. 3. The same as Fig.(2), but it is assumed that two qubits are accelerated
quantum correlation increases. However W (θ, φ) > 0
for any value ν ≤ 2 and arbitrary acceleration.
2) Accelerated two qubit
Now let us consider the the first two qubits a and b
are, meanwhile the third qubit ”c” stays statuinary in
the inertial frame. By tracing the modes in the second
region II , the final accelerated state in the first region
I may be written as,
ρˆ
(accab)
GHZ = B11|000〉〈000|+ B22|001〉〈001|
+B33|010〉〈010|+ B44|011〉〈011|
+B55|100〉〈100|+ B66|101〉〈101|
+B77|110〉〈110|+ B88|111〉〈111|
+B18|000〉〈111|+ B81|111〉〈000|,
(13)
where
B11 = A11 cos2 r, B22 = B33 = A22 cos2 r,
B55 = A33 cos2 r, B44 = tan4 rB11 +A44,
B66 = A44 cos2 r, B88 = A44(sin2 r + 1)
B77 = A44 cos2 r + 1− ν
8
sin2 r,
B18 = A18 cos r.
By compensation from Eq.(13) into Eq.(5), we ob-
tained the Wigner function for both accelerated sub-
systems ”a” and ”b” as form:
W (ab) =
1
128
[
25 + 48
√
3ν sin3 θ cos2 r cos 3φ
+9 cos 2θ + 33ν(cos 2θ + 1
+4
√
3 cos θ
(
3ν cos 2θ sin2 2r
+sin2 r(6ν cos 2r + 6ν + 8)
)
+cos2 θ(4(3ν − 1) cos 2r
+(ν + 1) cos 4r)
]
(14)
Figs.(3) displays the behavior of the Wigner func-
tion when only two qubits are accelerated with the
same acceleration. It displays similar features that are
predicted in Figs(2). However, the minimum values
that are depicted in Fig.(3a), (3b) are larger than
those displayed in Fig.(2a),(2b). This means that the
lost quantum correlations that are displayed by the
negativity of the Wigner function, W (θ, φ) depends
on the numbers of accelerated qubits. The behavior
of Wigner in the plan (r − ν), shows that decreases
as ν increases. As it is shown in Fig.(3c), the upper
bounds of negativity are displayed at large values of
ν compared with those are displayed in Fig.(2c). The
positivity of W (θ, φ) depicted the existence of the
classical correlation on the accelerated GHZ state. The
classical correlation are displayed at any value of r and
smaller values of ν ∈ [0, 0.4]
3) accelerated the three qubits
Finally we assume that thet hree qubits are accelerated
, then in the Rindler space the final accelerated GHz
state is given by
ρˆ
(accabc)
GHZ = C11|000〉〈000|+ C22|001〉〈001|
+C33|010〉〈010|+ C44|011〉〈011|
+C55|100〉〈100|+ C66|101〉〈101|
+C77|110〉〈110|+ C12|111〉〈111|
+C18|000〉〈111|+ C81|111〉〈000|,(15)
where
C11 = A11 cos4 r, C88 = 3A44 sin2 r + 1 + 3ν
8
(sin6 r + 1),
C22 = C33 = C55 = A22 cos4 r,
C44 = C66 = C77 = A22 cos2 r + 2A33 sin2 r
C18 = C81 = A18 cos2 r.
For this case, the Wigner function is given By:
W (abc) =
48
128
{√
3ν sin3 θ cos3 r cos 3φ
−
(
3
2
η+ cos
4 r
)
κ1 −
(
6η−η2+ cos
2 r
)
κ2
+ 2η3+
(
sin2 r + 1
)
κ3 − 2µ+η3− cos6 r
}
(16)
where η± =
(√
3 cos θ ± 1), µ± = 1 ± 3ν, κ1 =
(3 cos 2θ + 1)(µ+ cos 2r − ν − 3) κ2 = (µ+ sin4 r +
2(1 − ν)(sin2 r + 1), and κ3 = µ+ sin4 r +
2µ− sin2 r + µ+
The behavior of the classical and quantum correlations
that are depicted by Wigner function, W (θ, φ) when
the three qubits are accelerated is displayed in Fig.(4).
The behavior is similar to that displayed in Fig.(2) and
(3), but the classical correlations increase in the ex-
panses of the quantum correlations. Moreover, W (θ, φ)
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Fig. 4. The same as Fig.(1), but when all the three qubits are accelerated
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Fig. 5. Wigner function against the acceleration parameter for, accelerated
one qubit (solid curve), two qubit (dash curve),and three qubit (dot curve),
where (a) ν = 1 ,(b) ν = 0.7, (c)ν = 0.5, and (d)ν = 0.2.
decreases as the acceleration increases and the mixing
parameter ν decreases.
In Fig.(5), we investigate the behavior of W (θ =
pi/2, φ = pi, r) at different values of the mixing
parameter ν, where at these distribution angles, Wigner
function depicts only the quantum correlation, namely
W < 0. It is clear that, for the pure GHZ state,
namely ν = 1, the quantum quantum correlations are
robust against the decoherence due to the acceleration.
However, at ν 6= 0, namely GHZ state is no longer pure
state, the classical correlations appear and increase on
the expense of the quantum correlation. These phe-
nomena are clearly seen from Figs.(5a-5d), where the
negativity of W increases as ν decreases i.e, the purity
of GHZ decreases. Although, the lose of the quantum
correlation increases as the number of accelerated qubit
increases, the accelerated GHZ still entangled state.
III. CONCLUSION
The Wigner function of an accelerated and non-accelerated
GHZ state is discussed. It is shown that, for the non-
accelerated GHZ state, the minimum values of Wigner
function are centered around θ = pi/2 and different values of
φ. The minimum bounds are shown at maximum values of
the mixing parameter, namely the initial state is a pure GHZ.
However, in the plane of (ν, θ), the negativity of the Wigner
function is displaced at ν > 0.2 and θ ∈ [pi/4, 3pi/4]. The
positivity (negativity) of the Wigner function indicates the
existence of the classical/quantum correlations. This confirms
tha the t Wigner function, may be used as an indicators of
the entangled and separable behavior of GHZ state.
For the accelerated GHZ state, the maximum/minimum
bounds of the Wigner function depend on the distribution
angles (θ, φ), the mixing parameter (ν) and the value of
the acceleration (r). It is shown that, in the plan (θ, φ) and
fixed values of the mixing and acceleration parameters, the
minimum peaks of the Wigner function behane simillarly as
WIgner function of the non-accelerated case, namely they
are centered regularly around θ = pi/2 and different values
of φ. The minimum bounds of the Wigner function are
displayed at larger values of the mixing parameter, which
indicates the existence of large quantum correlations. Due
to the acceleration and the mixing parameter, the classical
correlations are depicted by the positive behavior of the
Wigner function. In the plan (r − ν) and fixed values
of θ = pi/2 and φ = pi, i.e., only quantum correlations
are predicted, the Wigner function decays gradually as the
mixing parameter increases. The decay rate depends on the
numbers of the accelerated qubits and the value of the mixing
parameter.
Moreover, the behavior of the classical correlations are not
predicted the accelerated cases. However, their appearance
due to the non-purity of the initial state. In addition to the
classical correlations that contained on the pure state, but
don’t predicted by the behavior of the Wigner function.
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